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seen from (3) and (4) that the Doppler and phase shifts depend
on the velocity and location of the receiver, respectively.

Clearly, (2) assumes transmission of a narrowband signal.
This assumption is valid only when the signal bandwidth is
smaller than the coherence bandwidth of the channel. Never-
theless, the aforementioned model is not restrictive since it can
be modiÞed to represent a wideband transmission by including
multiple time-delayed echoes. In this case, the delay spread
has to be estimated. A sounding device is usually dedicated in
estimating the time delay of each discrete path, such as the Rake
receiver [23].

It can be seen that the noisy instantaneous received Þeld in
(2) parametrically depends on the location and velocity of the
receiver. Consequently, this expression is used to estimate the
MS location and velocity by using the EKF, the PF, and/or
the UPF. Next, we formulate the location estimation as a
Þltering problem in state-space form [24]. The general form,
once discretized, is given by

xk = f (xkŠ1, wkŠ1)
zk = h(xk , vk ) (5)

wheref (., .) and h(., .) are known vector functions,k is the
estimation step,zk is the output measurements at time stepk,
andxk is the system state at time stepk and must not be con-
fused with location coordinates. Furthermore,wk andvk are the
discrete zero-mean, independent state, and measurement noise
processes with covariance matricesQ andR , respectively.

Now, letxk = [ xk , �xk , yk , �yk ]T denote the state of the MS at
time k, wherexk andyk are the Cartesian coordinates of the
MS, and�xk and �yk are the velocities of the MS in theX andY
directions, respectively. We choose the case where the velocity
of the MS is not known and is subject to unknown accelerations.
The dynamics of the MS can be written as [17]

xk =

�

�
�

xk

�xk

yk

�yk

�

�
	

=

�

�
�

1 � k 0 0
0 1 0 0
0 0 1 � k

0 0 0 1

�

�
	

�

�
�

xkŠ1

�xkŠ1

ykŠ1

�ykŠ1

�

�
	 +

�

�
�

� 2
k / 2 0

� k 0
0 � 2

k / 2
0 � k

�

�
	



wkŠ1,1

wkŠ1,2

�

(6)

where � k is a (possibly nonuniform) measurement interval
between timek Š 1 andk.

The measurement equation can be found from AulinÕs scat-
tering model (2)Ð(4), which can be written in discrete form as

zk = h(xk , vk ) =
P�

n =1

r n k cos (� ctk + � n k tk + � n k ) + v(tk )

(7)
where

� n k =
2�

�
�x2

k + �y2
k

�
(cos (� k Š 	 n k ) cos
 n k ) (8)

� n k =
Š2�

�
(xk cos	 n k cos
 n k + yk sin 	 n k cos
 n k

+ z0 sin 
 n k ) + � n k . (9)

Clearly, the measurement equationh(., .) is a nonlinear
function of the state-space vector, as observed in (7)Ð(9). If
we assume approximate knowledge of the channel, which is at-
tainable either through channel estimation at the receiver (e.g.,
GSM receiver) or through various estimation techniques (e.g.,
least squares and ML), then this problem falls under the broad
area of nonlinear parameter estimation from noisy data which
can be solved using the RNBE algorithms. These algorithms
will be discussed in Sections IVÐVI. The MLE algorithm that
employs the lognormal propagation channel model is discussed
in the next section.

III. MLE A PPROACH FORMS LOCATION ESTIMATION

In this section, the MLE method that employs the log-
normal propagation channel model described in Section II-A
is considered for the MS location estimation. This method
exploits the received-power measurements at the MS, which are
available from NMRs. Thus, we write the likelihood function
and then maximize it with respect to the distances� = d =
(d1, d2, . . . , dB ) from each BS, where� is the parameter to
be estimated. The ML estimator, which is denoted by�� = �d =
( �d1, �d2, . . . , �dB ), represents the most possible MS/BS distances
based on the measurements available at the MS.

Consider the measurement vector for thesth sample
from all BSs, which is denoted by PL s(d) =
(PLs

1(d1), PLs
2(d2), . . . , PLs

B (dB )) . The distribution function
for this vector is theB -variate normal distribution, which is
given by

p(PL s(d)|� )=(2 � )ŠB/ 2 (det(� s))Š1/ 2

× exp
�

Š
1
2

� 

PL s(d)Š PL

s
(d)

� T
× � Š1

s



PL s(d)Š PL

s
(d)

� ��

(10)

where PL s(d) � NB (PL
s
(d); � s), PL

s
(d) = ( PL

s
1(d1),

PL
s
2(d2), . . . , PL

s
B (dB )) is the mean path loss from each BS,

and� s is the covariance matrix. By assuming that the noise is
independent identically distributed (i.i.d.), then the logarithm
likelihood function is the log product of the sample likelihood
functions given by

L (� |PL s(d)) = log

�
1

(2� )SB/ 2 (det(� s))S/ 2

�

Š
S�

s=1

� 

PL s(d) Š PL

s
(d)

� T

×
� Š1

s

2



PL s(d) Š PL

s
(d)

� �

(11)
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whereS is the total number of samples. By maximizing (11)
Þrst with respect toPL

s
(d), the score function yields

�

PLb(db) =
1
S

S�

s=1

PLs
b(db) � b � { 1, 2, . . . , B } . (12)

Solving for �d using the invariance property of the MLE [11], it
can be shown that

�db = 10

�
1

10 � b



1
S

S�

s =1

PL s
b (db )ŠPL( d0b )

��

(13)

is the MLE for the distance of thebth BS from the MS. Next,
we perform triangulation using the least-squares error method
[25] to estimate the MS location(x0, y0) by solving

arg min
x 0 ,y 0

�
B�

b=1

(db Š �db)2

�

. (14)

The performance of this location estimation algorithm is dis-
cussed through numerical results and compared to the following
algorithms in Section VII.

In the next section, the EKF approach that employs the chan-
nel model of Aulin to estimate the MS location and velocity is
discussed.

IV. EKF A PPROACH FORMS LOCATION AND

VELOCITY ESTIMATION

Consider the general discrete-time dynamical system model
described in (5). Let the known probability density functions
(pdfs) of the process noisewk and the measurement noisevk

be p(wk ) and p(vk ), respectively. As usual,wk and vk are
assumed to be mutually independent. The set of entire mea-
surements from the initial time step to time stepk is denoted
by Zk = { zi } k

i =1 . The distribution of the initial conditionx0 is
assumed to be given byp(x0|Z0) = p(x0).

The EKF is based on linearizing the nonlinear system models
around the previous estimate. The general algorithm for the
discrete EKF can be described by the time-update equations,
which are given as [12]

�xk = f ( �xkŠ1, 0)
�P k = A k

�P kŠ1A T
k + W k QkŠ1W T

k (15)

and the measurement-update equations are given as

K k = �P k H T
k

�
H k

�P k H T
k + V k R k V T

k

� Š1

�xk = �xk + K k (zk Š h( �xk , 0))
�P k = ( I Š K k H k ) �P k (16)

whereA k , W k , V k , andH k are shown in (17) at the bottom
of the page,K is the gain matrix,�P is the estimation error

A k =
� f
� x
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covariance, and� k = arctan( �yk / �xk ). The notation�xk denotes
the a priori state estimate at time stepk, and �xk denotes the
a posterioristate estimate when given measurementzk . �P k and
�P k are similarly deÞned.

As in any nonlinear estimation problem, the convergence
of the EKF to the true value of the location depends on
the initial parameter value; therefore, we Þrst develop the
MLE method to obtain an initial estimator of adequate accu-
racy for the EKF. This hybrid algorithm, as numerical results
indicate, has improved accuracy for the Þnal MS location
estimate.

The aforementioned EKF utilizes the Þrst term in a
Taylor expansion of the nonlinear measurement model in (7).
It always approximatesp(xk |Zk ) by using a Gaussian dis-
tribution. However, if the true density is non-Gaussian, then a
Gaussian model may not precisely describe it. In such cases,
PFs yield an improvement in performance in comparison to
that of an EKF. The design of the PF is discussed in the next
section.

V. PF APPROACH FORMS LOCATION AND

VELOCITY ESTIMATION

The PF is a technique for the implementation of a recursive
Bayesian Þlter by Monte Carlo simulations. The key idea is
to represent the required posterior density function with a
set of random samples{ �xk (j )} N

j =1 with associated weights
{ � k (j )} N

j =1 and to compute estimates based on these samples
and weights. In this case, the posterior density at timek can be
approximated as

p(xk |Zk ) �
N�

j =1

� k (j )
 (xk Š �xk (j )) . (18)

We therefore have a discrete weighted approximation to the true
posteriorp(xk |Zk ). The weights are chosen using the principle
of importance sampling [26]

� k (j ) �
p (zk |�xk (j )) p( �xk (j )|�xkŠ1(j ))

q( �xk (j )|�xkŠ1(j ), zk )
(19)

where q( �xk (j )|�xkŠ1(j ), zk ) is the importance proposal dis
tribution function that generates the samples{ �xk (j )} N

j =1 . The
choice of this distribution function is one of the most crit-
ical design issues, and it determines the type of the PF.
The optimal proposal distribution function that minimizes the
variance of the weights conditioned on�xkŠ1(j ) and zk is
q(xk |�xkŠ1(j ), zk )opt = p(xk |�xkŠ1(j ), zk ) [26].

However, analytical evaluation of the optimal proposal func-
tion is not possible for many models, and thus, it has to be
approximated using local linearization [26] or the unscented
transformation [14]. In this paper, the unscented transformation
method is considered, and the resulting Þlter is called the UPF,
which is described in Section VI.

Nonetheless, the most popular choice of proposal func-
tion is the transition priorq(xk |�xkŠ1(j ), zk ) = p(xk |�xkŠ1(j )) .
This Þlter is called the generic PF and is discussed herein.

Although this choice of proposal function results in higher
Monte Carlo variations than the optimal, it is usually simple to
implement.

The time-update stage of the generic PF [27] is performed by
passing the random samples{ �xkŠ1(j )} N

j =1 through the system
model (6) to obtain the time-updated samples{ �xk (j )} N

j =1 . The
time-updated samples are obtained by

�xk (j ) = f ( �xkŠ1(j ), wkŠ1(j )) (20)

wherewkŠ1(j ) is a sample drawn from the pdfp(wkŠ1) of the
system noise. The samples{ �xk (j )} N

j =1 are distributed as the
time-updated pdfp(xk |ZkŠ1).

The measurement-update stage can be described by substi-
tuting the choice of proposal distributionq(xk |�xkŠ1(j ), zk ) =
p(xk |�xkŠ1(j )) into (19) and normalizing, which yields

� k (j ) =
p(zk |�xk (j ))

� N
j =1 p(zk |�xk (j ))

. (21)

We deÞne a discrete density over{ �xk (j )} N
j =1 with proba-

bility mass � k (j ) associated with each sample�xk (j ). Then,
we get the measurement-update samples{ �xk (j )} N

j =1 through a
resampling process such thatPr{ �xk (i ) = �xk (j )} = � k (j ) for
any i . Several resampling schemes are presented in the litera-
ture, such as systematic [28], stratiÞed, and residual resampling
[29]. However, the speciÞc choice of resampling scheme does
not signiÞcantly affect the performance of the PF. Therefore,
systematic resampling is used in all of the experiments in
Section VII since it is simple to implement. The estimate of
the PF at timek is chosen to be the mean of the samples
{ �xk (j )} N

j =1 .
In the next section, an approximate version of the optimal

proposal distribution is considered in order to have a more
accurate MS location estimate.

VI. UPF APPROACH FORMS LOCATION AND

VELOCITY ESTIMATIONS

The UPF results from using a scaled unscented transforma-
tion (SUT) method to approximate the optimal proposal dis-
tribution within a PF framework. The SUT provides more
accurate approximation than linearization methods [14]. In
particular, the SUT accurately calculates the posterior covari-
ance to the third order, whereas linearization methods such as
the EKF rely on a Þrst-order biased approximation. The SUT
method is introduced next.

A. SUT Method

The SUT method still approximates the proposal distribution
by a Gaussian distribution, but it is speciÞed using a minimal
set of deterministically chosen sample points. These sample
points completely capture the true mean and covariance of the
Gaussian distribution, and when propagated through the true
nonlinear system, they accurately capture the posterior mean
and covariance to the third order for any nonlinearity.



1006 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 57, NO. 2, MARCH 2008

Consider the state equation described in (5). For simplicity,
let xk = f (xkŠ1), wherexkŠ1 is an nx dimensional random
vector, and assume thatxkŠ1 has meanxkŠ1 and covariance
P kŠ1. Then, a set of2nx + 1 weighted samples or sigma
pointsSi = { Wi , X i } are deterministically chosen so that they
completely capture the true mean and covariance of the prior
random vectorxkŠ1. A selection scheme that satisÞes this
requirement is [14]

� 0
kŠ1 = xkŠ1

� i
kŠ1 = xkŠ1+


 �
(nx + � )P kŠ1

�

i
, i =1 , . . . , nx

� i
kŠ1 = xkŠ1Š


 �
(nx + � )P kŠ1

�

i
, i = nx +1 , . . . , 2nx

W (m )
0 = �/ (nx + � )

W (c)
0 = �/ (nx + � )+(1 Š 	 2 + 
 )

W (m )
i = W (c)

i = 1 / { 2(nx + � )} , i =1 , . . . , 2nx (22)

where� = 	 2(nx + � ) Š nx ; 	 , 
 , and� are scaling parame-
ters; and(

�
(nx + � )P kŠ1)i is the i th row or column of the

matrix square root of(nx + � )P kŠ1. Each sigma point is now
propagated through the nonlinear functionX i

k = f (X i
kŠ1), i =

0, . . . , 2nx . The estimated mean and covariance ofxk are
computed as follows:

xk =
2n x�

i =0

W (m )
i � i

k

P k =
2n x�

i =0

W (c)
i

�
� i

k Š xk
� �

� i
k Š xk

� T
. (23)

These estimates of the mean and covariance are accurate to the
third order for any nonlinear function. In comparison, the EKF
only accurately calculates the posterior mean and covariance to
the Þrst order, with all higher order moments truncated.

B. UPF Design

The UPF uses the same framework as the regular PF, except
that it approximates the optimal proposal distribution by a
Gaussian distribution using the SUT method. In particular, the
SUT is used to generate and propagate a Gaussian proposal
distribution for each particle to get

q(xk (j )|�xkŠ1(j ), zk )opt � N (xk (j ), P k (j )) (24)

and j = 1 , . . . , N . That is, at timek Š 1, the SUT is used
with the new data to compute the mean and covariance of the
importance distribution for each particle. Next, thej th particle
is sampled from this distribution.

The description of the UPF approach in this section is mainly
based on the study in [14]. In the implementation of the UPF,
the augmented state vector is deÞned as the concatenation of the

original state and noise variables asxs
k = [ xT

k w T
k vk ]T . Then,

the SUT sigma point selection scheme is applied to this new
augmented state vector to calculate the corresponding sigma
matrix � a

k . The complete UPF is described as follows [14].
1) Initialization (k = 0) : Draw the particles{ x0(j )} N

j =1
from the priorp(x0), and set

x0(j ) = E [x0(j )]

P 0(j ) = E
�
(x0(j ) Š x0(j )) ( x0(j ) Š x0(j ))T

�

xa
0(j ) = E [xa

0(j )] =
�
(x0(j ))T 0 0

� T

P a
0(j ) = E

�
(xa

0(j ) Š xa
0(j )) ( xa

0(j ) Š xa
0(j )) T

�

=

�

�
P 0(j ) 0 0

0 Q 0
0 0 R

�

	 (25)

whereE[.] is the expectation operator.
2) Now, for k = 1 , 2, . . ., the importance sampling step is

performed by the following steps.
a) Calculate the sigma points

� a
kŠ1(j ) =

�
xa

kŠ1(j )xa
kŠ1(j ) ±

�
(na + � )P a

kŠ1(j )
�

. (26)

b) Perform the time-update stage as

�� x
k (j ) = f

�
� x

kŠ1(j ), � v
kŠ1(j )

�

�xk (j ) =
2n a�

i =0

W (m )
i �� x

i,k (j )

�P k (j ) =
2n a�

i =0

W (c)
i

�
�� x

i,k (j ) Š �xk (j )
� �

�� x
i,k (j ) Š �xk (j )

� T

Z k (j ) = h
�

�� x
k (j ), � n

kŠ1(j )
�

�zk (j ) =
2n a�

i =0

W (m )
i Zi,k (j ). (27)

c) Perform the measurement-update stage as

P zk zk =
2n a�

i =0

W (c)
i

�
Zi,k (j ) Š �zk (j )

� �
Zi,k (j ) Š �zk (j )

� T

P x k zk =
2n a�

i =0

W (c)
i

�
�� x

i,k (j ) Š �xk (j )
� �

Zi,k (j ) Š �zk (j )
� T

K k = P x k zk P Š1
zk zk

,
�
x k (j ) = �xk (j ) + K k

�
zk Š �zk (j )

�

�
P k (j ) = �P k (j ) Š K k P zk zk K T

k (28)

and then sample
�
x k (j ) from q(xk (j )|xkŠ1(j ), zk ) =

N(
�
x k (j ),

�
P k (j )) .
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d) Evaluate the importance weights as

� k (j ) �
p



zk |

�
x k (j )

�
p



�
x k (j )|xkŠ1(j )

�

q



�
x k (j )|xkŠ1(j ), zk

� (29)

and then normalize the importance weights forj =
1, . . . , N .

3) Finally, a resampling process such as systematic re-
sampling is performed to obtainN random particles
( �xk (j ), �P k (j )) , and the output is generated in the same
manner as that for the generic PF.

In the next section, numerical examples are presented to
illustrate the accuracy of the proposed algorithms.

VII. N UMERICAL RESULTS

In this numerical example, the performance of the proposed
MS location and velocity estimation algorithms is determined.
We consider Þrst the ML estimate of the MS location, in which
we employ a typical, yet realistic, wireless communication
simulation setup. The service area consists of a 19-cell cluster.
The BSs are placed over a uniform hexagonal pattern of cells
that are centrally equipped with omnidirectional antennas. MSs
are randomly placed in the central cell, and the number of
arranged users is 1000. Path-loss exponent� b is 3.5, path-
loss variance� 2

b is 8 dB, reference distanced0b is 200 m
for all b [30], cell radius is 5000 m, the number of samples
S is ten, the number of BSs for triangulation is Þve, radio-
frequency is 900 MHz, and 100 Monte Carlo simulations were
performed.

Next, we consider the simulation setup for the EKF, the PF,
and the UPF approaches that employ AulinÕs channel model for
MS location and velocity estimation. The simulation setup for
the MLE approach remains the same; it is only now that we
are trying to locate a single MS. The envelope of the received
signal for all pathsrn Õs is generated as Rayleigh i.i.d. RVs with
a parameter of 0.5.an , 
 n , and� n are generated as uniform
i.i.d. RVs in[0, 2� ], [0, 0.2� ], and[0, 2� ], respectively. The total
number of pathsP is six (which represents urban environment).
The Þlters have the following parameters: The number of time
steps (measurements) is 50, with� k = 0 .1 s; the process noise
covarianceQ and the measurement noise varianceR areI 2× 2

and 0.01, respectively, whereI 2× 2 is the 2-D identity matrix;
the initial pdf of the MS position is assumed to be uniform over
the entire cell size, which represents the worst case as far as
choosing an initial pdf is considered; the initial pdf of the MS
velocity is Gaussian distributed, with a mean of 65 m/s and a
variance of 10; and the number of particles is 500. The SUT
parameters are set to	 = 1 , 
 = 0 , and� = 0 , and Þnally, the
mean estimate of all particles is used as the Þnal estimate. The
position (or velocity) root mean-square error (RMSE) is used
as a performance measure and is deÞned as

RMSE(k) =

��
�
� 1

MC

MC�

i =1

�
�x i

k Š x true
k

� T �
�x i

k Š x true
k

�
(30)

Fig. 2. (a) Location and (b) velocity estimates of a moving MS generated by
different Þlters.

where MC is the number of performed Monte Carlo simula-
tions, and�x i

k is the Þlter position estimate(x, y)T [or velocity
estimate( �x, �y)T ] at time k in Monte Carlo runi . The overall
RMSE is deÞned as

RMSE=

��
�
� 1

L

L�

k=1

1
MC

MC�

i =1

�
�x i

k Š x true
k

� T �
�x i

k Š x true
k

�
(31)

whereL is the total number of simulation time steps after the
convergence of the Þlter.

Fig. 2(a) and (b) shows one realization illustrating the conver-
gence of the proposed algorithms to the real position and veloc-
ity of a moving MS, respectively. Fig. 3 shows the position and
velocity RMSE for each time according to (30), respectively,
and the overall position and velocity RMSEs of the convergent
runs using (31) are shown in Table I.

In Fig. 3 and Table I, it can be noticed that the accuracy
of the MLE approach is satisfactory. However, in realistic
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Numerical results for typical simulations, including those
in the presence of parameters uncertainty, show that they are
highly accurate and consistent. The performance of the PF and
the UPF estimation methods is superior to the EKF. This is
due to the sensitivity of the EKF to the initial condition and
Gaussian assumptions. An alternative is to use the ML estimate
that employs the lognormal channel model as the initial EKF
state. The use of nonlinear models and/or non-Gaussian noise
is the main explanation of the improvement in accuracy over
linear algorithms such as the EKF. These methods also excel
in using inherent features of the cellular system, i.e., they
support existing network infrastructure and channel signaling.
The assumptions are knowledge of the channel and access to
the instantaneous received Þeld, which are obtained through
channel sounding samples from the receiver circuitry. Future
work will focus on generating efÞcient channel estimation
algorithms to remove the assumption on partial knowledge of
the channel. Work on building a pilot application to test the
performance of the PF and/or the UPF in realistic conditions
is ongoing, together with the incorporation of channel-model-
parameter-estimation algorithms.
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