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ABSTRACT 
In this paper, a general framework for continuous time 
power control algorithm under time varying long term 
fading wireless channels is developed. This contrasts most 
of the power control algorithms introduced in the 
literature that assume power control takes place in 
discrete time intervals and can only be used as long as the 
time duration for successive adjustments of transmitter 
powers is less than the coherence time of the channel. In 
continuous time power control, there is no restriction on 
how fast the wireless channel is varying. Moreover, a 
sufficient condition for the existence of the optimal 
continuous time power is derived. The optimal continuous 
time power control algorithm is developed under time 
varying long term fading wireless channels, which are 
based on stochastic differential equations. 
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1.  Introduction 
 
Power control (PC) is important to improve performance 
of wireless communication systems. The benefits of 
power minimization are not just increased battery life, but 
also increased overall network capacity. Users only need 
to expand sufficient power for acceptable reception as 
determined by their quality of service (QoS) 
specifications that is usually characterized by the signal to 
interference ratio (SIR) [1]. The majority of research 
papers in this field use discrete time PC algorithms, which 
can only be used as long as the time duration for 
successive adjustments of transmitter powers is less than 
the coherence time of the channel. In this paper, a general 
framework for continuous time power control algorithm 
(PCA) under time varying (TV) long term fading (LTF) 
wireless channels is developed. In continuous time power 
control, there is no restriction on how fast the wireless 
channel is time varying.  
 

PCAs can be classified as centralized and distributed. The 
centralized PCAs require global out-of-cell information 
available at base stations. The distributed PCAs require 
base stations to know only the in-cell information, which 
can be easily obtained by local measurements. The power 
allocation problem has been studied extensively as an 
eigenvalue problem for non-negative matrices [1]-[2], 
resulting in iterative PCAs that converge each user’s 
power to the minimum power [3]-[5], and as 
optimization-based approaches [6]. Stochastic PCAs that 
use noisy interference estimates have been introduced in 
[7], where conventional matched filter receivers are used. 
It is shown in [7] that the iterative stochastic PCA, which 
uses stochastic approximations, converges to the optimal 
power vector under certain assumptions on the step-size 
sequence. These results were later extended to the cases 
when a nonlinear receiver or a decision feedback receiver 
is used [8]. Much of this previous work deals with 
discrete time PCAs and static time-invariant channel 
models. In this paper, a general framework for continuous 
time PCA under TV wireless channels is developed. 
 
In time-invariant models, channel parameters are random 
but do not depend on time, and remain constant 
throughout the observation and estimation phase. This 
contrasts with TV models, where the channel dynamics 
become TV stochastic processes [9]-[11]. These models 
take into account relative motion between transmitters 
and receivers and temporal variations of the propagating 
environment such as moving scatterers. They exhibit 
more realistic behavior of wireless networks. In this 
paper, we consider dynamical TV LTF channel 
modelling. The dynamics of LTF wireless channels are 
captured by stochastic differential equations (SDEs). The 
SDE model proposed allows viewing the wireless channel 
as a dynamical system, which shows how the channel 
evolves in time and space. In addition, it allows well-
developed tools of adaptive and non-adaptive estimation 
and identification techniques (to estimate the model 
parameters) to be applied to this class of problems [12]. 
 
The correct usage of any PCA and thereby the power 
optimization of the channel models, require the use of TV 
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channel models that capture both temporal and spatial 
variations of the wireless channel. Since few temporal or 
even spatio-temporal dynamical models have so far been 
investigated with the application of any PCA, the 
suggested dynamical model and PCAs will thus provide a 
far more realistic and efficient optimal control for 
wireless channels. 
 
 
2.  Time Varying Lognormal Fading Channel 
Model 
 
Wireless radio channels experience both long-term fading 
(LTF) and short-term fading (STF). LTF is modelled by 
lognormal distributions and STF are modelled by 
Rayleigh or Ricean distributions [13]. In general, LTF and 
STF are considered as superimposed and may be treated 
separately [13]. In this paper, we consider dynamical 
modelling and power control for LTF channels which are 
predominate in suburban areas. The STF case has been 
considered in [10].  
 
The time-invariant power loss (PL) in dB for a given path 
is given by [13]: 
 

0
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( )[ ] ( )[ ] 10 log dPL d dB PL d dB Z
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= + +⎜ ⎟
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where 0d d≥ , 0( )PL d  is the average PL in dB at a 
reference distance d0 from the transmitter, α  is the path 
loss exponent which depends on the propagation medium, 
and Z  is a zero-mean Gaussian distributed random 
variable, which represents the variability of the PL due to 
numerous reflections occurring along the path and 
possibly any other uncertainty of the propagation 
environment from one observation instant to the next. In 
TV LTF models, the PL becomes a random process 
denoted { }

00,( , ) tX t τ ττ
≥ ≥

, which is a function of both time 

t and location represented by τ, where τ = d/c, d is the 
path length, c is the speed of light, τ0 = d0/c and d0 is the 
reference distance. The process { }

00,( , ) tX t τ ττ
≥ ≥

 

represents how much power the signal looses at a 
particular distance as a function of time. The signal 
attenuation is defined by ( , )( , ) kX tS t e ττ , where 

( )ln 10 / 20k = −  [13].  
 
The process ( ),X t τ  is generated by a mean-reverting 
version of a general linear SDE given by [9]: 
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where ( ){ } 0t
W t

≥
 is a standard Brownian motion (zero 

drift, unit variance) which is assumed to be independent 
of ( )0 ,X t τ , ( ; )N µ κ  denotes a Gaussian random 

variable with mean µ  and variance κ , and ( )[ ]PL d dB  
is the average path loss in dB. The parameter ( ),tγ τ  
models the average TV PL at distance d from transmitter, 
which corresponds to ( )[ ]PL d dB  at d indexed by t. This 
model tracks and converges to this value as time 
progresses. The instantaneous drift 

( )( , ) ( , ) ( , )t t X tβ τ γ τ τ−  represents the effect of pulling 

the process towards ( ),tγ τ , while ( ),tβ τ  represents the 

speed of adjustment towards this value. Finally, ( ),tδ τ  
controls the instantaneous variance or volatility of the 
process for the instantaneous drift. Define 

( ){ } ( ) ( ) ( ){ }0 0
, , , , , ,

t t
t t t tθ τ β τ γ τ δ τ

≥ ≥
. If the random 

processes in { } 0( , ) ttθ τ
≥

 are measurable and bounded, 

then (2) has a unique solution for every 0( , )X t τ  given by 
[9]: 
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where 
0

0([ , ], ) ( , )
t

t
t t u duβ τ β τ∫ . This model captures 

the temporal and spatial variations of the propagation 
environment as the random parameters ( ){ } 0

,
t

tθ τ
≥

 can be 

used to model the time and space varying characteristics 
of the channel. 
 
At every instant of time ( ),X t τ  is Gaussian with mean 
and variance given by: 
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Moreover, the distribution of ( , )( , ) k X tS t e ττ =  is 
lognormal with mean and variance given by: 
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The mean and variance in (4) and (5) show that the 
statistics of the communication channel vary as a function 
of both time t and space τ . 
 
In this paper, we consider the uplink channel of a cellular 
network and we assume that users are already assigned to 
their base stations. Let M be the number of mobiles 
(users), and N be the number of base stations. The 
received signal of the ith mobile at its assigned base 
station at time t is given by: 
 

( ) ( ) ( ) ( ) ( )
1

M

i j j ij i
j

y t p t s t S t n t
=

= +∑  (6)

 
where ( )jp t  is the transmitted power of mobile j at time 

t, which acts as a scaling on the information signal ( )js t , 

( )in t  is the channel disturbance or noise at the base 

station of mobile i, and ( )ijS t  is the signal attenuation 

coefficient between mobile j and the base station assigned 
to mobile i. Therefore, in a cellular network the spatio-
temporal model described in (2) for M mobiles and N base 
stations can be described as: 
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and the signal attenuation coefficients ( ),ijS t τ  are 

generated using the relation ( ) ( ),, ijkX t
ijS t e ττ = , where 

( )ln 10 / 20k = − . Moreover, correlation between the 
channels in a multi-user/multi-antenna model can be 
induced by letting the different Brownian motions ijW ’s 

to be correlated, i.e., ( ) ( ) ( )TE t t tτ⎡ ⎤ = ⋅⎣ ⎦W W Q , where 

( )( ) ( )ijt W tW , and ( )τQ  is some (not necessarily 
diagonal) matrix that is a function of τ  and dies out as τ  
becomes large.  
 
The TV LTF channel models in (7) are used to generate 
the link gains of wireless networks for the PCA proposed 
in the next section. 
 
 

3.  Stochastic Power Control Algorithm 
 
The aim of the PCAs described here is to minimize the 
total transmitted power of all users while maintaining 
acceptable QoS for each user. The measure of QoS can be 
defined by the SIR for each link to be larger than a target 
SIR. In this section, a PCA is introduced based on the TV 
LTF channel models derived in the previous section. 
 
Consider the cellular network described in the previous 
section, the centralized PC problem for time-invariant 
channels can be stated as follows [10]: 
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where ip  is the power of mobile i, 0ijg >  is the time-
invariant channel gain between mobile j and the base 
station assigned to mobile i, 0iε >  is the target SIR of 
mobile i, and 0iη >  is the noise power level at the base 
station of mobile i. The generalization to (8) for the TV 
LTF channel models in (7), described using path-wise 
QoS of each user over a time interval [0,T], is given by 
[14]: 
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where {}E ⋅  is the expectation operator, [0, ]t T∈ , and 
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where , 1, ,i j M= . Note that ( )2
ijE S t⎡ ⎤⎣ ⎦  can be 

calculated from (5) and (4). The constraint in (9) can be 

rewritten as: 

 

( )( ) ( ) ( )t t t− ≥I F p u  (11)
 

If the power control problem in (9) is feasible, then the 
optimal power satisfies: 
 

( ) ( ) ( ) ( )* *t t t t= +p F p u  (12)
 
where  ( )* tp  is the optimal power vector. Expression 
(12) shows that the optimal power is the fixed point of the 
following function: 
 

( )( ) ( ) ( ) ( )t t t t+Φ p F p u  (13)
 
The power vector ( )tp  is assumed to be continuous and 

bounded as functions from [0, ]T  to M+R , that is, it 
belongs to the Banach space of continuous and bounded 
functions defined on [0, ]T , which is denoted by 

([0, ] ; )M
b TC R , under the supremum norm given by: 
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Assuming ( ) ([0, ] ; )Mt T∈u C R  , then the map ( )⋅Φ  is 
defined as: 
 

( ) ( ) ( ): [0, ] ; [0, ] ;M MT T⋅ →Φ C R C R  (15)
 
The existence of a fixed point for ( )⋅Φ  is guaranteed by 
the contraction mapping theorem or Banach’s fixed-point 
theorem [15], which states that if  
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∞ ∞

− ≤ −Φ p Φ p p p  (16)
 
for some k < 1 and all ( ) ( ) ( )1 2, [0, ] ; Mt t T∈p p C R  , then 

( )⋅Φ  has a uniform fixed point. Expression (16) can be 
rewritten as: 
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which is equivalent to: 
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Expression (8) holds if and only if the following holds: 
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The LHS in (19) is equal to the induced norm of ( )tF  

viewed as a multiplication acting from ([0, ] ; )MTC R  
into ([0, ] ; )MTC R , i.e., 
 

( ) 1t k≤ <F  (20)
 
where 
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( )tF  is equal to supremum with respect to t of the 

largest singular value of ( )tF , that is  
 

( ) ( )( )
[0, ]

sup 1
t T

t tσ
∈

= <F F  (22)

 
where ( )σ ⋅  denotes the largest singular value of ( )tF . 
Expression (22) gives a sufficient condition on the 
channels’ attenuation coefficients for the existence of an 
optimal power. Expression (22) is satisfied if and only if: 
 

( )( ) 1, [0, ]t t Tσ < ∀ ∈F  (23)
 
Thus, if (23) is satisfied, the following continuous time 
PCA will converge to the minimal power: 
 

( ) ( ) ( ) ( )1k kt t t t+ = +p F p u  (24)
 
Note that in (24) index k is iteration on the continuous 
time power vector and therefore does not represent the 
time variable as in most PCAs in the literature. Numerical 
results are presented in the next section. 
 
 
4.  Numerical Results 
 
The LTF cellular network has the following features:  
 
• The number of transmitters (mobiles) is M = 24.  
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• The information signal ( ) 1is t =  for 1,...,i M= . 
• Target SIR, ( ) 5i tε =  for 1,...,i M= . 
• The transmitted powers are computed every 1 

second, and the simulation is performed for 2 
minutes. 

• Initial distances of all mobiles with respect to their 
own base stations are generated as uniformly 
independent identically distributed (i.i.d.) random 
variables (r.v.’s) in [10 – 100] meters. 

• Cross initial distances of all mobiles with respect to 
other base stations are generated as uniformly i.i.d. 
r.v.’s in [250 - 550] meters. 

• The angle between the direction of motion of mobile 
j and the distance vector passes through base station i 
and the mobile j are generated as uniformly i.i.d. 
r.v.’s in [0 – 180] degrees.  

• The average velocities of mobiles are generated as 
uniformly i.i.d. r.v.’s in [40 – 100] km/hr. 

• PL exponent is 3.5. 
• Initial reference distance from each of the 

transmitters is 10 m. 
• PL at the initial reference distance is 15 dB. 
• ( )tδ  = 1400 and ( )tβ  = 225000 for the SDE’s. 

• 'siη  for 1,...,i M=  are i.i.d. Gaussian r.v.’s with 
zero mean and variance = 10-12 W. 

 
Figure 1 shows the total transmitted power of all mobiles 
using the proposed PCA in (24) for fixed time instant (t = 
40 seconds) under the stochastic TV LTF wireless 
network described above. It can be noticed that the total 
power converges to the optimal power after few iterations 
even if the initial value is not close to the optimal one. 
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Fig. 1.  Sum of transmitted power of all mobiles for the proposed PCA 
under TV LTF wireless network. 
 
Figure 2 shows the total transmitted power of all mobiles 
using the proposed PCA in (24) as a function of time. It 
can be seen that the total power varies rapidly as a 
function of time, since the mobiles move in different 
directions and velocities.  
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Fig. 2.  Sum of transmitted power of all mobiles with respect to time for 
the proposed PCA under TV LTF wireless network. 
 
 
5.  Conclusion 
 
A general framework for continuous time power control 
algorithm under time varying long term fading wireless 
channels is developed. The channel models are 
represented by 1st order stochastic differential equations 
(SDEs). The SDE models proposed allow viewing the 
wireless channel as a dynamical system, which shows 
how the channel evolves in time and space. In addition, it 
allows well-developed tools of adaptive and non-adaptive 
estimation and identification techniques (to estimate the 
model parameters) to be applied to this class of problems. 
A sufficient condition on the time varying channels’ 
attenuation coefficients for the existence of the optimal 
continuous time power is derived. Since the proposed 
power control algorithm considers continuous time power 
control, there is no restriction on how fast the wireless 
channel is varying. Numerical results show that the 
proposed iterative power control algorithm converges to 
the optimal power. Future work will focus on deriving 
sufficient condition on the channel parameters 

( ){ } 0
,

t
tθ τ

≥
 for the existence of the optimal continuous 

time power vector. 
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