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$ QRYHO ELQDU\ QXPEHU V\VWHP� FDOOHG 5HGXQGDQW /LQHDU

&RGLQJ �5/&�� LV SUHVHQWHG� %\ HOLPLQDWLQJ WKH QHHG IRU FDUU\

KDQGOLQJ� D IHDVLEOH WUDGHRII EHWZHHQ VSHHG DQG DUHD \LHOGV

VKRUW FRPSXWDWLRQ WLPH IRU XS�GRZQ FRXQWLQJ DQG FRPSDULVRQ

RSHUDWLRQV� 7KH VFKHPH FDQ HIILFLHQWO\ EH DSSOLHG WR D ZLGH

UDQJH RI KLJK�VSHHG GLJLWDO DSSOLFDWLRQV�

��� ,1752'8&7,21

+LJK�VSHHG XS�GRZQ FRXQWHUV DQG FRPSDULVRQ RSHUDWLRQV

FRQVWLWXWH WKH EDVLF EXLOGLQJ EORFNV RI PDQ\ FXVWRP ORJLF

GHVLJQV >�@� ,Q YDULRXV DSSOLFDWLRQV� VXFK DV IDVW GLJLWDO

FRUUHODWRUV� FRXQWHUV WKDW UHODWH WR GLIIHUHQW FRPELQDWLRQDO ORJLF

EORFNV DUH UHFXUUHQWO\ FRPSDUHG� $ FRPPRQ GHVLJQ JRDO LV WR

VKRUWHQ WKH FULWLFDO SDWK DV PXFK DV SRVVLEOH� ,QFUHPHQWLQJ

�XS�FRXQWLQJ�� GHFUHPHQWLQJ �GRZQ�FRXQWLQJ� DQG FRPSDULVRQ

RSHUDWLRQV UHTXLUH VRPH IRUP RI FDUU\ SURSDJDWLRQ WUHDWPHQW

>���@ WKDW EHFRPHV PRUH FRPSOH[ DV WKH FRXQWHU VL]H LQFUHDVHV�

KHQFH OLPLWLQJ VSHHG� (YHQ ZKHQ HPSOR\LQJ DGYDQFHG FDUU\

PDQLSXODWLRQ WHFKQLTXHV >���@� WKH SURSDJDWLRQ GHOD\ RI VXFK

RSHUDWLRQV LV QRQ�QHJOLJLEOH� ,Q DQ HIIRUW WR DFFHOHUDWH WKH

GHVLJQ� D WUDGHRII EHWZHHQ VSHHG DQG DUHD LV DFFHSWDEOH� ,Q WKLV

SDSHU� ZH LQWURGXFH D QRYHO ELQDU\ QXPEHU V\VWHP� FDOOHG

5HGXQGDQW /LQHDU &RGLQJ �5/&�� ZKLFK RIIHUV KLJK�VSHHG

LQFUHPHQWDWLRQ� GHFUHPHQWDWLRQ DQG FRPSDULVRQ RSHUDWLRQV DW

WKH H[SHQVH RI ODUJHU DUHD� 7DNLQJ LQWR FRQVLGHUDWLRQ FXUUHQW

9/6, WHFKQRORJ\� HPSOR\LQJ VXFK D GHVLJQ WUDGHRII LV

SUDJPDWLF� ,W LV IXUWKHU VKRZQ WKDW WKH WLPLQJ UHTXLUHG WR

SHUIRUP WKHVH RSHUDWLRQV LV ZHDNO\ DIIHFWHG E\ WKH FRXQWHU VL]H�

7KLV SDSHU LV RUJDQL]HG DV IROORZV� ,Q VHFWLRQ � WKH 5/&

FRQFHSW LV LQWURGXFHG� ,Q VHFWLRQ � FRXQWLQJ DQG FRPSDULVRQ

DULWKPHWLF RSHUDWLRQV DUH GHVFULEHG� 6HFWLRQ � IRFXVHV RQ DQ

5/&�WR�ELQDU\ FRQYHUVLRQ VFKHPH DQG LQ VHFWLRQ � WKH PDLQ

FRQFOXVLRQV DUH GUDZQ�

��� 5('81'$17�/,1($5�&2',1*

,Q FRQYHQWLRQDO ELQDU\ QXPEHU UHSUHVHQWDWLRQ HDFK GLJLW LV

DVVLJQHG D ZHLJKW GHQRWLQJ D SRZHU RI WZR� ZKLFK FRUUHVSRQGV

WR WKH GLJLW¶V SRVLWLRQ� &RQVHTXHQWO\� �0 FRPELQDWLRQV PD\ EH

UHSUHVHQWHG XVLQJ DQ 0�ELW ZRUG� ,Q 5/&� WKH ZHLJKW RI HDFK ELW

LV WKH YDOXH RI LWV SRVLWLRQ LQGH[� ,Q VXFK D UHSUHVHQWDWLRQ LW LV

TXLWH HYLGHQW WKDW VRPH YDOXHV PD\ EH HQFRGHG LQ PRUH WKDQ

RQH ELQDU\ FRPELQDWLRQ� 7R DYRLG VXFK DPELJXLW\� ZH GHILQH

WKH IROORZLQJ FRGLQJ GLVFLSOLQH�

$ VHTXHQFH RI VHW ELWV LV ORFDWHG DW WKH PRVW VLJQLILFDQW

SRVLWLRQV� ZKLOH DW PRVW D VLQJOH VHW ELW LV ORFDWHG LQ WKH

UHPDLQLQJ UHJLRQ� )RU H[DPSOH� XVLQJ 5/& WKH YDOXH ������

HTXDOV �� �������� VLPLODUO\ WKH YDOXH ������ HTXDOV ��

�������� 7KH ZRUG ������ LV SURKLELWHG RYHU 5/& VLQFH WKHUH

DUH WZR VHW ELWV RFFXS\LQJ WKH OHDVW VLJQLILFDQW UHJLRQ�

,W LV DSSDUHQW WKDW DV D UHVXOW RI WKH FRGLQJ VFKHPH RQO\ D VXEVHW

RI WKH �1 ELQDU\ UHSUHVHQWDWLRQV LV SHUPLWWHG� 0RUHRYHU� WKH

QXPEHU RI YDOXHV WKDW DUH UHSUHVHQWHG XVLQJ VXFK D WHFKQLTXH LV

ERXQGHG E\ WKH VXP RI WKH VHTXHQFH ����«1 �L�H� 1�1������

ZKLFK DFFRXQWV IRU WKH VXP RI ELW ZHLJKWV� +HQFH� WKH HIILFLHQF\

RI WKH FRGLQJ WHFKQLTXH PD\ EH HYDOXDWHG E\ GHWHUPLQLQJ WKH

QXPEHU RI ELWV �1� UHTXLUHG WR UHSUHVHQW DQ 0�ELW ZRUG FRGHG LQ

FRQYHQWLRQDO ELQDU\ FRGLQJ�

7KH VROXWLRQ IRU 1 IURP WKH TXDGUDWLF H[SUHVVLRQ LQ ��� LV�
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$OWHUQDWLYHO\� LI % UHSUHVHQWV WKH PD[LPDO FRXQWHG YDOXH WKHQ

WKH QXPEHU RI ELWV� 1� UHTXLUHG XVLQJ 5/& FRXQWHU LV

DSSUR[LPDWHO\�

���
�%1 |

7DEOH � SUHVHQWV D FRPSDULVRQ EHWZHHQ ELQDU\ DQG 5/& FRGLQJ

ZLWK UHVSHFW WR ZRUG OHQJWK� DUHD DQG VSHHG� $V 0 LQFUHDVHV�

WKH HIILFLHQF\ RI WKH PHWKRG GHFUHDVHV� )RU H[DPSOH� DQ ��ELW
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FRXQWHU UHTXLUHV �� ELWV XVLQJ 5/&�

��� 5/&�$5,7+0(7,&�23(5$7256

��� 8S�&RXQWHU

,Q FRQYHQWLRQDO ELQDU\ FRGLQJ� XS�FRXQWLQJ �LQFUHPHQWLQJ�

FRQVLVWV RI DGGLQJ WKH YDOXH � WR WKH FXUUHQW YDOXH� 0DQ\

WHFKQLTXHV IRU PLQLPL]LQJ WKH ORJLF FRPSOH[LW\ RI FRXQWLQJ

ZLWK UHVSHFW WR DGGLWLRQ KDYH EHHQ SURSRVHG >���@�

'RZQ�FRXQWLQJ �GHFUHPHQWLQJ� LQWURGXFHV VLPLODU FRPSOH[LW\�

7KH UDWLRQDOH EHKLQG D FRPSDULVRQ RSHUDWLRQ LV WKDW RI

VXEWUDFWLQJ WKH WZR FRPSDUHG YDOXHV DQG H[DPLQLQJ WKH

UHVXOWLQJ VLJQ ELW� ,Q JHQHUDO� WKH DERYH RSHUDWLRQV DOO UHTXLUH D

IRUP RI FDUU\�SURSDJDWLRQ WUHDWPHQW WKDW JURZV PRUH FRPSOH[

ZLWK WKH FRXQWHU VL]H� WKXV OLPLWLQJ VSHHG� 8VLQJ 5/&� WKHVH

RSHUDWLRQV DUH HDVLO\ REWDLQHG ZLWK QR QHHG IRU FDUU\ KDQGOLQJ�

7KHUH DUH WZR SRVVLEOH FRXQWHU VWDWHV WKDW QHHG WR EH DGGUHVVHG

ZKHQ LQFUHPHQWLQJ RYHU 5/&�

��� /RFDWLQJ D µ��¶ VHTXHQFH� LI H[LVWV� DQG PRGLI\LQJ LW WR µ��¶�

��� :KHQ WKH VHTXHQFH 
��
 GRHV QRW H[LVW� WKH OHDVW VLJQLILFDQW

ELW PXVW EH VHW�

$FFRUGLQJO\� WKH IROORZLQJ HTXDWLRQV DUH LPSOHPHQWHG LQ RUGHU

WR FDOFXODWH WKH LQFUHPHQWHG YDOXH� ;�� RI DQ 1�ELW 5/& YDOXH�

6LQFH WKHUH DUH QR GHSHQGHQFLHV EHWZHHQ WKH UHVXOWLQJ ELWV� WKH\

DUH DOO FDOFXODWHG FRQFXUUHQWO\� 7KH FULWLFDO SDWK RI WKH

LQFUHPHQW H[SUHVVLRQV LV DSSUR[LPDWHO\ WKDW RI � JDWH OHYHOV ±

DQ $1' OHYHO DQG DQ 25 OHYHO� ,W VKRXOG EH QRWHG WKDW WKH

DERYH FRXQWHU LV D QRQ�PRGXOR FRXQWHU� 0RGXOR XS�FRXQWLQJ

FDQ HDVLO\ EH DFFRPSOLVKHG E\ GHWHFWLQJ WKH PD[LPDO YDOXH �DOO

ELWV VHW� DV D UHVHW FRQGLWLRQ IRU DOO WKH ELWV�

$V FDQ EH GHULYHG IURP ���� WKH H[SUHVVLRQ IRU U� ZKLFK

LQGLFDWHV WKH H[LVWHQFH RI D 
��
 SDWWHUQ� FRQVLVWV RI 1�� $1'

JDWHV DQG D ZLGH 125 JDWH ZKLFK PD\ EH LPSOHPHQWHG XVLQJ

ZLUHG�25 &026 WHFKQRORJ\ WR REWDLQ KLJK�VSHHG� ,Q ILJXUH ��

D ��ELW 5/& FRXQWHU LV LOOXVWUDWHG�

��� 'RZQ�&RXQWHU

)ROORZLQJ D VLPLODU ORJLF WR XS�FRXQWLQJ� DQ 5/& GRZQ�FRXQWHU

PXVW DGGUHVV WZR SRVVLEOH FRXQWHU VWDWHV�

��� /RFDWLQJ D VLQJOH µ��¶ VHTXHQFH� LI H[LVWV� DQG PRGLI\LQJ LW

WR µ��¶�

��� :KHQ WKHUH DUH WZR 
��
 VHTXHQFHV WKH RQH SRVLWLRQHG LQ WKH

OHDVW VLJQLILFDQW ORFDWLRQV PXVW EH DOWHUHG WR 
��
�

%LQDU\ 5/&
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0HWKRG $UHD 6SHHG

5/& 2�1� 2���

%LQDU\ 2�1� 2�ORJ1�

�E�

7DEOH �� $ FRPSDULVRQ EHWZHHQ 5/& DQG FRQYHQWLRQDO

ELQDU\ FRGLQJ ZLWK UHVSHFW WR �D� ZRUG OHQJWK

DQG �E� DUHD�VSHHG UHTXLUHPHQWV
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7KH DERYH LV HVWDEOLVKHG E\ WKH IROORZLQJ H[SUHVVLRQV�
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ZKHUH U LV GHILQHG LQ ����

$V ZLWK XS�FRXQWLQJ� WKH ELQDU\ H[SUHVVLRQV IRU HDFK RI WKH ELWV

DUH FDOFXODWHG FRQFXUUHQWO\� 0RGXOR GRZQ�FRXQWLQJ LV DFKLHYHG

E\ GHWHFWLQJ WKH PLQLPDO YDOXH �DOO ELWV YDOXHG 
�
� DV D VHW

FRQGLWLRQ IRU DOO WKH ELWV�

��� &RPSDULVRQ

,Q 5/&� ILQGLQJ WKH ODUJHU RI WZR YDOXHV� $ DQG %� LV HDVLO\

DFFRPSOLVKHG E\ SHUIRUPLQJ WKH IROORZLQJ VWHSV�

��� &DOFXODWH &L  $L ;25 %L� ZKHUH L GHQRWHV WKH ELW¶V LQGH[�

��� 2EWDLQ WKH ELQDU\ YHFWRU FRQWDLQLQJ DW PRVW D VLQJOH VHW ELW

FRUUHVSRQGLQJ WR WKH PRVW VLJQLILFDQW ELW VHW LQ &L�

,QWXLWLYHO\� WKH UHVXOW LV HTXLYDOHQW WR D SULRULW\ HQFRGHU

GHQRWLQJ WKH ILUVW PRVW�VLJQLILFDQW ELW ZKLFK LV VHW LQ HLWKHU

$ RU %�

/HW 'L EH GHILQHG DV�

7KH FRPSDULVRQ UHVXOW EHFRPHV�

1RWLFH WKDW $ HTXDOV % LI WKH IROORZLQJ FRQGLWLRQ LV PHW�

)RU H[DPSOH� OHW $ ���� DQG % ����� :H ILUVW FDOFXODWH & DV $

;25 %  ���� IROORZHG E\ FDOFXODWLQJ ' WR REWDLQ ' �����

6LQFH ' LV QRW D QXOO YHFWRU ZH FRQFOXGH WKDW $!%�

��� &2'(�&219(56,21

,Q RUGHU WR FRPSO\ ZLWK FRPPRQ GLJLWDO DULWKPHWLF FLUFXLWV�

5/& FRQYHUVLRQ WR DQG IURP ELQDU\ FRGLQJ LV UHTXLUHG�

$OWKRXJK LW PD\ EH DVVXPHG WKDW WKH RFFXUUHQFH UDWH RI VXFK D

FRQYHUVLRQ LV ORZHU WKDQ WKDW RI FRXQWLQJ RU FRPSDULQJ

RSHUDWLRQV� LW VKRXOG EH NHSW HIILFLHQW�

6LQFH 5/& LV HIILFLHQW IRU VKRUW FRXQWHUV� FRQYHUWLQJ IURP

ELQDU\ WR 5/& PD\ EH DWWDLQHG XVLQJ D VLPSOH ORRNXS WDEOH RU D

520 KDYLQJ 0 DGGUHVV OLQHV DQG DQ 1�ELW ZRUG� ,W LV DSSDUHQW

WKDW DQ 5/& ZRUG LV FRPSULVHG RI D VHTXHQFH RI VHW ELWV

SRVLWLRQHG DW WKH 06% ORFDWLRQV� DQG RSWLRQDOO\ D VLQJOH VHW ELW

ORFDWHG DW DQ DUELWUDU\ SRVLWLRQ DW WKH OHDVW VLJQLILFDQW ELWV� %\

H[WUDFWLQJ D FRQVWDQW WHUP IRU HDFK RI WKH WZR FRPSRQHQWV DQG

DGGLQJ WKH WHUPV XS XVLQJ D FRQYHQWLRQDO ELQDU\ DGGHU� WKH

FRQYHUVLRQ LV DWWDLQHG�

/HW XV GHILQH H[SUHVVLRQV IRU LQGLFDWLQJ WKH OHDVW VLJQLILFDQW

WHUP� DL� DQG PRVW VLJQLILFDQW WHUP� EL�DV�
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6LQFH DW DL DQG EL DUH RQH�KRW �L�H� FRQWDLQ D VLQJOH VHW ELW� WKHVH

OLQHV FDQ DFW DV GHFRGLQJ VLJQDOV IRU H[WUDFWLQJ WKH WZR FRQVWDQW

WHUPV� %\ DGGLQJ WKHVH WZR WHUPV WKH FRQYHUVLRQ UHVXOW LV

REWDLQHG� $OWKRXJK WKLV PHWKRG UHTXLUHV D UHODWLYHO\ ODUJH DUHD�

WKH FULWLFDO SDWK LV WKDW RI WKUHH JDWH OHYHOV DQG DQ 0�ELW DGGHU�

)LJXUH � LOOXVWUDWHV WKH FRQYHUVLRQ VFKHPH�

���6800$5<

$ QHZ DSSURDFK IRU DFFHOHUDWLQJ DULWKPHWLF IXQFWLRQV XVLQJ D

UHGXQGDQW ELQDU\ QXPEHU V\VWHP� FDOOHG 5HGXQGDQW /LQHDU

&RGLQJ �5/&� KDV EHHQ SUHVHQWHG� %\ HQWLUHO\ HOLPLQDWLQJ WKH

QHFHVVLW\ IRU FDUU\ PDQLSXODWLRQ� RSWLPL]HG LPSOHPHQWDWLRQ IRU

FRXQWLQJ DQG FRPSDULVRQ RSHUDWLRQV LV DFKLHYHG� ,Q DGGLWLRQ� D

VFKHPH IRU FRQYHUWLQJ IURP 5/& WR ELQDU\ KDV EHHQ LOOXVWUDWHG�

7KH PHWKRG FDQ HDVLO\ EH DSSOLHG LQ RUGHU WR DFFHOHUDWH D ZLGH

UDQJH RI GLJLWDO GHVLJQV�

��� 5()(5(1&(6

>�@ 0� 5� 6WDQ� $� )� 7HQFD DQG 0� '� (UFHJRYDF� �/RQJ DQG

)DVW 8S�'RZQ &RXQWHUV�� ,((( 7UDQV� &RPSXWHUV� YRO� ���

SS� �������� -XO\ �����

>�@ '� &� +HQGU\� �6HTXHQWLDO /RRNDKHDG 0HWKRG IRU 'LJLWDO

&RXQWHUV�� (OHFWURQLFV /HWWHUV� YRO� ��� SS� �������� )HE�
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6LJQLILFDQW 7HUP

&RQYHQWLRQDO

%LQDU\ $GGHU

5/& :RUG

%LQDU\ :RUG

1

ORJ�1�

0

1

([WUDFW /HDVW

6LJQLILFDQW 7HUP

0

)LJXUH �� %ORFN GLDJUDP RI 5/&�WR�ELQDU\ FRQYHUVLRQ�
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>�@ 7�<� &KDQJ DQG 0� -� +VLDR� �&DUU\�6HOHFW $GGHU 8VLQJ

6LQJOH 5LSSOH�&DUU\ $GGHU�� (OHFWURQLFV /HWWHUV� YRO� ���

SS� ���������� 2FW� �����

>�@ 3� /DUVVRQ DQG -�5� <XDQ� �1RYHO &DUU\ 3URSDJDWLRQ ,Q

+LJK 6SHHG 6\QFKURQRXV &RXQWHUV DQG 'LYLGHUV��

(OHFWURQLFV /HWWHUV� YRO� ��� SS� ���������� �����

>�@ ,� .RUHQ� &RPSXWHU $ULWKPHWLF $OJRULWKPV� (QJOHZRRG

&OLIIV� 1�-��3UHQWLFH +DOO� �����

>�@ '�5� /XW] DQG '�1� -D\VLPKD� ³3URJUDPPDEOH 0RGXOR�N

&RXQWHU�´ ,((( 7UDQV� &LUFXLWV DQG 6\VWHPV� YRLO� ��� SS�

�������� 1RY� �����
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